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This paper presents a Hamiltonian formulation of spinfoam-gravity, which leads to a straight-forward 
canonical quantisation. To begin with, we derive a continuum action adapted to the simplicial 
decomposition. The equations of motion admit a Hamiltonian formulation, allowing us to perform 
the constraint analysis. We do not find any secondary constraints, but only get restrictions on the 
Lagrange multipliers enforcing the reality conditions. This comes as a surprise. In the continuum 
theory, the reality conditions are preserved in time, only if the torsionless condition (a secondary 
constraint) holds true. Studying an additional conservation law for each spinfoam vertex, we discuss 
the issue of torsion and argue that spinfoam gravity may indeed miss an additional constraint. Next, 
we canonically quantise. Transition amplitudes match the EPRL (Engle-Pereira-Rovelli-Livine) 
model, the only difference being the additional torsional constraint affecting the vertex amplitude. 



I. THE PROBLEM 



Loop quantum gravity [IHS] comes in two versions. The historically first of which provides a canonical quan- 
tisation of general relativity, and seeks to solve the Wheeler-De Witt equation [U EJ [6] . The second, we call 
it spinfoam gravity P3[7]> proposes a covariant path integral. Both approaches share [HI [9] their kinematical 
structure — the Hilbert space with observables representing, area, angles, volume and parallel transport [lOffT^] . 
Unfortunately, we know very little about how far this relation extends beyond kinematics, eventually revealing 
a solid framework also for the dynamics of the theory. Indications supporting this idea have only come from 
the symmetry reduced framework of loop quantum cosmology |13H15j . 

The problem of how the canonical theory and spinfoam gravity can fit together is not only of mathematical 
significance. First of all, it is a consistency check for the theory. If loop gravity were a fully developed theory, it 
should come in different formulations, providing specific advantages and simplifications, although being mutually 
equivalent. On top of that, a framework large enough to contain both Lagrangian and Hamiltonian dynamics 
should allow us to answer some of the most pressing questions in the field: What is the classical theory underlying 
loop gravity, and does it reproduce general relativity? Does loop gravity contain torsion, and are there any 
secondary constraints missing? Is there a local notion of energy, and what can we use it for? 

This paper achieves such a unifying framework in the simplified setting of a fixed discretisation. We will, in 
fact, develop a Hamiltonian formulation of spinfoam gravity, adapted to a simplicial decomposition of space- 
time. This discretisation consists of triangles, tetrahedra and 4-simplices glued together. Calculations will 
heavily use the twistorial framework of loop quantum gravity, recently developed by Dupuis, Freidel, Livine, 
Speziale, Tambornino and myself [16-21 . These spinorial variables do not change the physical content of loop 
gravity, but offer a new perspective on how to look at the covariant aspects of the theory. 

The article has three parts. The first of which, section [H] is a technical review, necessary to develop the 
main results. We speak about selfdual 2-forms, complex variables, reality conditions, and discuss the spinorial 
parametrisation of loop gravity. Section [lH| contains the classical part, we introduce a Hamiltonian for spinfoam 
gravity, study the equations of motion, and perform the constraint analysis. Working with complex variables we 
have to deal with reality conditions, which guarantee that the metric is real. The Hamiltonian time evolution 
must preserve these constraint equations, a condition that may need additional secondary constraints to be 
fulfilled. We will, however, not find any secondary constraints, but only get restrictions on the Lagrange 
multipliers. This comes as a surprise. For, as we know from the Hamiltonian analysis of the continuum theory, 
the torsionless condition turns into a secondary constraint needed to preserve the reality conditions. If we do 
not get any secondary constraints from our canonical analysis, where is the torsionless condition hiding? At the 
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end of section [III] we will discuss this issue, and argue spinfoam gravity may indeed miss an additional torsional 
constraint. Section |TV] concerns quantum theory. The Hamiltonian previously introduced turns into an operator 
generating the local time evolution around a spinfoam face. Solving the constraint equations, we find transition 
amplitudes that share key features of the EPRL (Engle-Pereira-Rovelli-Livine) model [22 24 . When looking 
at a spinfoam face both amplitudes agree, the only difference concerns the way these amplitudes glue to form 
a spinfoam. 



II. SELFDUAL 2-FORMS, SPINORS AND REALITY CONDITIONS FOR LOOP GRAVITY 



To make this paper logically self-contained this section briefly recapitulates results from previous publications 
|171 [T51 [231 12T)] . Section II A discusses complex Ashtekar variables and the discrete holonomy-flux algebra they 
induce. In section |IIB| we review the twistorial parametrisation of the reduced phase-space of holonomy-flux 
variables, while section [II C| gives the reality conditions. 



A. Complex Ashtekar variables 



The spinfoam approach seeks to define transition amplitudes for loop quantum gravity. It starts from the 
following topological action: 

S\E,A] = ^^ [ Z AB A F AB (A) + cc, (1) 



lp 2 P JM 

which is the "BF-action" [57] expressed in self dual variables. Here £p 2 — 8nhG/c 3 is the Planck area, /3 is the 
Barbero-Immirzi parameter, F — dA + i[A,A] is the curvature of the selfdual connection, Y> A b denotes an 
sl(2,C) valued 2-form, and the antisymmetric e-tensoiQ moves the spinor indices A, B,C, ■ ■ ■ € {0,1}. These 
indices transform under the fundamental (|,0) representation of SL(2,C). We use "cc." to denote the complex 
conjugate of everything preceding (including the pre-factor i(/3 + i) . . . ), and so the (0, |) representation also ap- 
pears. Indices transforming under this complex conjugate representation carry an overbar, we write A, B,C, . . . . 
Working with a closed manifold, we do not have to worry about boundary terms that are otherwise needed [28 . 

This action shares the symplectic structure of general relativity, but the dynamics is trivial. Indeed, perform- 
ing a 3+1 split M=Ix59 (t,p), we find the symplectic structure of complex Ashtekar variables: 

{lh a (p),Ah(q)} = 8{5f8{p,q) = {fk a (p),Ah(q)}, (2) 

here indices k running from 1 to 3 refer to the standard basi^jin sl(2,C), 5 is the Dirac-delta density on 
the spatial hypersurface St — {t} x S, and a, 6, c, . . . are abstract indices on the spatial slice. The Ashtekar 
connection A l a — Y r a + \K l a is the pullback of the selfdual connection onto the spatial hypersurfaces; in general 
relativity its real and imaginary parts (F and K respectively) correspond to the intrinsic su(2) connection and 
the extrinsic curvature of the spatial hypersurface. The momentum conjugate is linearly related to E, we have: 



with rj abc the Levi-Civita density on the spatial hypersurface. 

The continuum Poisson brackets behave too singularly to perform a background-independent quantisation. 
Therefore, we introduce a reduced phase-space of smeared variables. We can define the smeared variables 
most elegantly when we consider a cellular decomposition of the t = const, hypersurface. In this paper, we 



1 The e-tensor lowers indices as 11,4 = v B esA £ <C 2 *, while its inverse raises them by v A = e ab vb £ C 2 ; the inverse is implicitly 
denned by putting e.AC eBC = e A B = 

2 Given any <f> £ sl(2, C) we write 4> = ^ T i> where cr^ = 2ir^ are the Pauli matrices. 
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restrict to triangulations, and thus divide the spatial manifold into tetrahedra glued among bounding faces. 
Generalisations to arbitrary cellular decompositions exist and have been studied elsewhere, e.g. in [29 . 

Within the spatial manifold, the faces, the oriented triangles t±, r%, . . . ,tx, are the duals of oriented links 
7!,7 2 ,...7l- To smear the connection, we take a link and study the SX(2,C) parallel transport between 
adjacent tetrahedra. We are thus led to the holonomy: 

h{r] = Pexp( - f A) G SL(2, C). (4) 

The momentum variable II defines a 2-form; parallel transported into the frame of a tetrahedron, we can 
naturally smear it over an adjacent triangle r obtaining the gravitational flux: 

n[r]= / hs^ m n p h s(p ^ m esl( 2 > c )> ( 5 ) 

J pgr 

where ft- ( 5( p - > . 7 (o)) is an SL(2,C) holonomy connecting p 6 r with the source point 7(0). The underlying path 
8(p —> 7(0)) consist of two parts, the first of which lies inside r and goes from p E r towards the intersection 
point r n 7, whereas the second part goes from the intersection point along 7 towards the source 7(0). 

The continuum Poisson brackets Q induce commutation relations among holonomies and fluxes; variables 
belonging to different triangles commute, while for a single link we get the commutation relations of T* SL(2, C): 

{n i ,n J } = -e i >n fe , {n i ,h} = -hr i , {h A B ,h c D } = o. (6) 

There are also the Poisson brackets of the anti-selfdual variables, which are nothing but the complex conjugate 
of the former variables. Moreover, just as in (J2|, the two sectors of opposite chirality commute. Since r carries 
an orientation let us also mention the quantities: 

hir- 1 } = h[r}-\ IJ[r] := n^ 1 ] = - /i [r] II [r^r]" 1 . (7) 

Before we go on let us make one more observation. The definition of the flux (|5| depends on the underlying 
family of paths S(p — > 7(0)) chosen. It is therefore quite remarkable that this dependence drops out of the 
Poisson algebra |6]), and leads us to the phase space T*SL(2,C). 



B. Spinors for loop gravity 

The phase space of loop gravity on a graph, T* SL(2,C) L , allows for a description in terms of spinors. This 
framework will become important for the rest of the paper; it is useful for us since it embeds the non-linear 
phase space T* SL(2,C) L into a vector space with canonical Darboux coordinates. 

The flux defines an sl(2, C) element, which is traceless, and we can thus always find a pair of diagonalising 
spinors (the proof can be found in [30] , which together with [18] , can serve as the main reference of this section) : 

II[t]ab = -^V(ArtB) = (watts + lu b tta)- (8) 

With the flux evaluated in the frame of the source 7(0), also tt and uj belong to the initial point. If we parallel 
transport them to the target point we get another pair of spinors: 

n A = h[r] A B co B , u; A = h[r] A B TT B . (9) 

Since the spinors tt and oj often come as a pair, it is useful to introduce the twistor: 

Z := {n Al uj A ) = (C 2 )* © C 2 =: T (10) 



If 7T and u be linearly independent, that is 

TT A LJ A ? 0, 



(11) 
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they form a basis in C 2 . We can safely agree on this constraint because it holds true unless the triangle 
represents a null surface, and we are working with spatial hypersurfaces anyhow. In this case, equation (J9j) 
gives the holonomy in a certain basis, which uniquely fixes this <SX(2,C) element. We can now reverse the 
construction, start with a pair (Z, Z) of twistors and attach them to the source and target point respectively. 
Inverting equations ([£]) and Q we then recover both holonomy and flux in terms of spinors. The holonomy 
explicitly reads 

u ^A u A n B - tt A ub ... A no , 

"M b = 1= j with: 7rw := %auj . (12) 

For the holonomy to have unit determinant it must preserve cab- Within our spinorial framework this imme- 
diately turns into the area-matching constraint 

C[Z, Z] = %A u A - tt a u A = 0. (13) 

The space of spinors on a link can be equipped with a locally SL(2, C) invariant symplectic structure. We set 

{tt A ,cj b } =e AB = -{z A ,u> B } (14a) 

{n A ,u, B } = e AB = -{n A ^ S }, (14b) 

and can prove |18| that on the constraint hypersurface C — 0, these Poisson brackets induce the commutation 



relations of T* SX(2,C) for the flux ([8]) and the holonomy (12). The parametrisations (12 1 and (J8J) are not 
unique. There are in fact two symmetries; one of which is discrete, the other is continuous. The discrete 
symmetry simultaneously exchanges 7r with w, and n with y, while the Hamiltonian vector field of C generates 
the conformal symmetry 

(u>, ir; uj, 7r) i-> (zuj, z _1 7r; zlu, z _1 7t), z G C — {0}, (15) 



leaving both (12 1 and ([8| invariant. We perform the symplectic quotient with respect to these symmetries and 
eventually get T*SL(2,C) removed from all its null configurations (II, h) € T*SX(2,C) : T\ AB ^ AB = 0. The 
proof is again in [IS] , 



C. Reality conditions 

The action defines a topological theory. We recover general relativity in terms of first-order variables 
only if we impose constraints on £ab- We want T,ab to be geometrical, that is to represent an infinitesimal 
area element. In the continuum theory this means Tiab should be the self dual part of the Plebanski 2-form 
S a( 9 = e a A ep (where e a is the tetrad and a — 0, ... ,3 are internal Minkowski indices). 

The Hamiltonian flow preserves these simplicity constraints [23, 24] [3T] only if the space-time connection is 
torsionless (which can be shown in many ways, e.g. |251 l2l)l 132"]!. In the Hamiltonian framework, equations 
of motion either are constraints (possibly both on Lagrangian multipliers and the phase-space) or evolution 
equations. Conversely, the torsionless condition of the space-time connection splits into three distinct parts 
[251 I3"3"] . Using time gauge (thus aligning the internal normal to the hypersurface normal, that is setting 
e° = Ndt), we find the Lagrange multiplieiP] A 1 = Jm(A l (dt)) is determined by the lapse (N) and the shift (N a ) 
to have the value A 1 = N a K l a + e la d a N. The second part of the torsionless condition represents an evolution 
equation for the spatial triad, whereas the last and most important part gives a second-class constraint among 
the phase-space variables: 

A\+cc. = 2r a (e), (16) 
where T(e) is the spatial Levi-Civita connection functionally depending on the triad. 



3 In the following dt denotes the time-flow vectorfield. 
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In the discrete theory the situation is different. We do not have a continuous tetrad, and we cannot define 
the continuous simplicity constraints T, a p — e a A ep = directly. Instead we have smeared variables on a 
triangulation of a t — const, spatial hypersurface. However, the physical meaning of the simplicity constraints is 
clear, they guarantee that the 2-form E Q) g is geometric, hence defines a plane in internal space. For our smeared 
variables we can demand something similar: S Q ^[r], that is the 2-form Y* a p smeared over the triangle r in the 
frame of the tetrahedron at 7(0), should define a spatial plane in internal Minkowski space. This is true if there 
is a time-like vector n a such that: 

£ Q/3 [rK = -Z AB [r}e AS n BB - cc. = 0. (17) 

These are the linear simplicity constraints |23| . which are reality conditions on the momentum variables [25 . 
Geometrically, the vector n a represents the normal to the tetrahedron the triangle r is seen from. This normal 
should thus be the same for all four triangles meeting at a tetrahedron. A detailed discussion of the geometric 
origin of the simplicity constraints can be found in the appendix of reference |23] . 



In terms of spinors, equation (17 1 turns into two independent constraints [25 . One is real, the other is 



complex, and there are thus three real constraints to solve: 

D[lj, vr] = j^it a uj a +cc. = 0, (18a) 

F n [oj,Tr}=n AA 7T A w A = 0. (18b) 

The constraint D = 0, is locally Lorentz invariant and guarantees the area of r is real; _F n = 0, on the 
other hand, is preserved only under spatial rotations, and tells us the null-vector m a = uj a tt a in complexified 
Minkowski space lies orthogonal to n a . If we were to work in the time-gauge, we would align the normal n a 
with n" = Sq and the matrix n AA would turn into 

n AA = ^5 AA = n AA , (19) 

where S AA is the identity matrix. In this gauge the real and imaginary parts of the momentum 

II, = ~(L i +iK i ). (20) 



generate rotations and boosts, and the reality conditions (18 1 turn into: 



j^k + cc. = ^ (Ki + PLi) = 0. (21) 



Whether or not spinfoam gravity misses the secondary constraints, and forgets about equation (16 I, raises 
some of the most pressing and strongly debated [34 -38 questions in our field. The spinorial framework of loop 
quantum gravity will allow us to study this issue. In the next section we are going to prove that spinfoam 
gravity correctly implements the simplicity constraints without missing any secondary constraints. Although 
this sounds very promising for the model |23l l2~i] . we will argue, at the end of the next section, that spinfoam 
gravity may still miss an important constraint related to torsion. 

III. HAMILTONIAN DYNAMICS FOR SPINFOAM GRAVITY 

This section introduces a continuous formulation of the dynamics on a fixed 2-complex. We will check if the 



equations of motion preserve the reality conditions (in whatever form, i.e. (21 1 or (18 1, preferred), and study 
the equations of motion. They will, in fact, immediately prove the curvature smeared over a spinfoam face does 
not vanish, hence the model carries curvature. To achieve these claims, and properly answer the issue of the 
secondary constraints we need an action, or even better to find a suitable Hamiltonian framework. And this is 
what we are going to do first. 



G 




FIG. 1. A 4-simplex consists of five tetrahedra glued among their triangles. Its dual we call a vertex. Each triangle 
belongs to many 4-simplices (vertices), but a tetrahedron can only be in two of them. The surface dual to a triangle is 
a spinfoam face, it touches all adjacent 4-simplices. An edge, a tetrahedron's dual, connects two vertices. The part of a 
spinfoam face lying inside a given 4-simplex, we call a spinfoam wedge, the boundary of which has two parts. The first 
one consists of edges, enters the bulk, and passes through the vertex. The second part belongs to the boundary of the 
4-simplex, we call it a link. 



A. The discrete action on a spinfoam wedge 

We start with the topological action ([!} discretised over a simplicial decomposition of the four-dimensional space- 
time manifold M., and use our spinors to parametrise the action. First steps towards this task have already- 
been reported in |17) . The elementary building blocks are 4-simplices glued among the bounding tetrahedra. 
All tetrahedra consist of four triangles, each of which is dual to a spinfoam face. The part of a spinfoam face 
belonging to a 4-simplex we call a wedge w, for the corresponding dual triangle (in the frame of a tetrahedron) 
we write t w . Figure [T] should further clarify the geometry. Here we are committing ourselves to simplicial 
discretisations, which we do for technical convenience; generalisation to cellular decompositions should be found 
along the lines of |39| . 

Let F AB [w] be the curvature tensor integrated over the wedge, and S^BfTw] be the 2-form T,ab smeared over 
the dual triangle (in the frame of a tetrahedron), while u> _1 and r _1 denote the oppositely oriented surfaces. 
The remaining ambiguity concerns the relative orientation e(r w ,w) between the two surfaces, which we take to 
be on^] 

We discretise the topological action over each 4-simplex and find a sum over wedges: 

5 to P[E ^ ]= i^^+i /" EabAF ^ (A)+cc . 

«p P Jm , s 

■ h o , • (22) 

"~P L P A A 

unwedges u;:wcdgcs 

For small curvature we can replace F AB [w] by the holonomy around the loop dw bounding the wedge: 

h AB [dw] = Pcxp( - f A) AB a -e AB + f F AB =: -e AB + F AB [w]. (23) 

J dw J w 

Within this approximation we will now rewrite everything in terms of our spinorial variables. For the flux the 
situation is simple. The triangle belongs to a tetrahedron in the boundary of the 4-simplex. Boundary variables 



4 If the tangent vectors (x, y) are positively oriented in r w , and the pair (t,z) is positively oriented in w, the relative orientation 
e(r w , w) is the orientation of the quadruple (x, y, t, z). 
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are part of the original phase-space T* SL(2, C) of complex Ashtekar variables, and we can thus use our spinorial 
parametrisation ^ to write: 

i/3 

^ ab [t w ] ^ —^-^uJ(a^b)- (24) 

For the holonomy around the wedge we have to be more careful. The boundary of the wedge consists of two 
parts, one of which enters the bulk. The first part, connecting the two adjacent tetrahedra T and T, lies in 
the boundary of the 4-simplex. The corresponding holonomy h[r w ] is again contained in the phase-space of 
T* SX(2,C), and we can thus take the spinorial parametrisation |l2"| ) to write the group element. The second 
part enters the bulk, and we need additional SL(2,C) elements g and g that give the parallel transport from 
the center of the 4-simplex towards T and T respectively. These additional holonomies are not part of our 
phase-space of complex Ashtekar variables, instead they are Lagrange multipliers, which should become clear 
once we discuss the Gaufi law. Gluing the two holonomies together we find the parallel transport around the 
boundary of the wedge starting at the tetrahedron T: 

h AB [dw] = [gg-Ych^K] = (gg-yc ~ CnB ~~y B (25) 



We thus find the contribution to the discretised action from a single wedge to be: 



2 

where we have introduced the quantity: 



= "^(gg-y 13 (oj a1 t b + it a lu b ) + cc, (26) 



1 / \/ttu) ./7m; \ 
M w = - ^— + ^). (27) 



2 V , /nu! \/nu> 



This normalisation equates to one once we go to the solution space of the area-matching constraint ( 13 1, where 



the action (|26| turns into a simple bilinear of the spinors. The reality conditions (18 1 also decomposes into a 
bilinear of the spinors, and this is the reason why the spinorial parametrisation of loop quantum gravity will be 
so useful. 



B. The continuum action on a wedge 



The action (26 1 just introduced admits a straight forward continuum limit. To show this, we split the wedge w 
into smaller wedges wi, . . . , u>at, introduce N — 1 additional spinorial variables (a/W , 7rW) together with group 
elements £ 51/(2, C) that represent the parallel transport from the vertex to the z-th discretisation step at 



the boundary of the spinfoam face. For the i-th wedge the action (26 1 becomes 



Sir = -2M tUl ( 5 «( 5 ^)- 1 ) AB (4 l) 4 +1) +oc, (28) 

and we also have the boundary conditions (a/ 1 - 1 , n^, g^) = (u;,7r,g); (u> N+1 , Tr^ N+1 \ g^ N+1 ') = (w,tt,(/). We 

now take the continuum limit N —> oo. Put e = AT -1 , set all variables f(s(i — 1)) :— /W, and choose the 
quantity t — s(i — 1) as our natural continuous time variable. To obtain the continuum limit we perform an 
expansion in e implicitly assuming all quantities (7r(f), u>(t), g(t)) are differentiable in the parameter time t. 

Let us first look at the normalisation M Wi . Putting E(t) — = e AB ir A ^ui]g > we have 

M w . = \ ( f® + = 1 + Otf). (29) 

A^E{t + e) ^/W) ) 



<s 



We see the first non- vanishing order is quadratic. For the holonomies, on the other hand, the expansion contains 
a linear term: 



(<+1) (ff (i) )- x = Pexp(- I" dtA e[t) (d t )) = t-eA e{t) ( lt )+0(e 2 ). 

v Je(i-1) 7 



(30) 



Here e is the path (the "edge") bounding the spinfoam face, and t is the associated coordinate. Next, we need 
to study the product of the spinors. We find 

Ua*b +1) = ^A(e{i - l))n B (ei) = cj A (t)n B (t + e) = u A {t)-K B {t) + euj A {t)it B {t) + 0(e 2 ). (31) 



Combining (31 1 and ( |30| we get the expansion of the bilinear appearing in the action: 

-(g^(g(^)-Y B ^B +1) = e AB to A (t)n B (t) + ee AB u A (t)* B (t) - eA™(e)u> B (t)* A (t) + 0(s 2 ) = 

= Lo A {t)n A (t) +euj A (t)D 9t n A (t) + 0(e 2 ). 

The same is true for the second part of (28 1 with uj and 7r exchanged. Moreover, Dg t TT B = ir B + A B c{dt)ft C 
denotes the covariant derivative, being the infinitesimal version of the bulk holonomies g € SX(2,C). Putting 
all the pieces together, the zeroth order cancels and we find that the Lagrangian starts at linear order in epsilon: 

= e -(u A [t)D dt K A {t) + 7T A (t)D dt uj A (t^ + 0(e 2 ) + cc. (33) 

Summing the contributions from all infinitesimal wedges wi,W2, ■ ■ ■ ,Wn and taking the limit N — > oo we are 
left with a line integral: 

= IJ A t(uj A {t)D dt n A {t) + n A {t)D dt w A {t)) + cc, (34) 

This action, being nothing but a covariant symplectic potential, generates trivial equations of motion, which 
just tell us uj and ir are parallel along the edge e C dw. 

D dt u A = = D dt n A (35) 



What is more important, concerns the area-matching condition. On each infinitesimal wedge Wi equation (13 1 
becomes: 

C = e AB ir ( 2 +1) ^ +1} - e AB Tr { 2 } uj% = E(t + e) - E{t) (36) 

Therefore, when taking the continuum limit in the sense of this section, the area-matching condition turns into 
the conservation law: 

E = -^(tt a u) A ) — Dg t {ji A uj A ) = 0. (37) 



We can now see the area-matching-constraint is satisfied just because the equations of motion ( 35 1 guarantee 
E = holds for all times. 



C. The constrained continuum action on an edge 



In the following, we will rearrange the sum over wedges to find the contribution to the total action from a 
single edge e. Each edge carries a unit time-like four-vector n a representing the internal (future pointing) 
Minkowski normal of the tetrahedron dual to the edge. We have started from a discrete model, where we know 
this normal only somewhere in the middle of the edge (say at parameter time t — t D — Employing local 
Lorentz invariance we can always put that normal into the canonical gauge, i.e.: 

n AA {t = t = \) = ±=5 AA = ni A . (38) 
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But now that we have a continuous action we need this normal all along the edge. We achieve this by using one 
of the key assumptions of spinfoam gravity, that states the geometry be locally flat. This implies the normal 
is covariantly constant along the edge. To be more precise, if we take the edge to be parametrised by our 
coordinate t £ [0,1], we assume 

V< £ (0, 1) : D dt n a = 0. (39) 



Notice the boundary values and 1 are excluded here, reflecting the fact that (39 1 holds locally but cannot be 
achieved all around the spinfoam face. In fact a number of edges, say e\, e%, . . . ejv, bound a spinfoam face, 
along each of which we can introduce a continuous time variable t\ £ (0, 1], ti £ (1,2], . . . ijy £ (N — 1, N) along 
the lines of the last section. Wherever two edges meet, that is on a spinfoam vertex, a discontinuity may arise, 
measured by the angle S,: 

ch(Si) = - \imn a {i- e)n a (i + e). (40) 

Let us now come back to the main issue of this section, the action for an edge. At every edge four triangles 
tj with I = 1, . . .4 meet, for each of which we introduce spinor^]^ 1 ), 7!"^)). The topological action on an edge 
becomes (after having shifted the boundaries to and 1 again): 

5 *° P = ~ E f ^(^D^ + n^D^) + cc, (41) 
i=i Jo 



Before we add the reality conditions (18) to this action, let u s fi rst discuss the last constraint missing, i.e. the 



Gaufi law. We find it from the variation of the edge action (41 1 with respect to the selfdual connection A A b 



contracted with the tangent vector dt — e of the edge. The resulting sl(2, C)-valued Lagrange multiplier 

® AB (t) :=A AB {d t ) (42) 



appears linearly in the covariant derivative Dg t 7T A = Tr a + <fr A bk b . The variation of the action (41 1 with respect 
to this Lagrange multiplier leads us to the Gaufi constraint 



Gab = -\J2 -S-S = E n& = E ni'W = o. (43) 
i=i i=i i=i 

When introducing real and imaginary parts of 2IL = Li + LfQ corresponding to boosts and rotations with 
respect to the standard normal (39 1 the Gaufi law turns into: 

:^ = o = E^ ( 44 ) 



4 



1=1 1=1 



If we now remember the reality conditions imply the combination Ki + j3Li vanishes on all triangles, we can 
see that not all the constraints are independent. If we impose the reality conditions for the three triangles 
I = 1, 2, 3, the Gaufi law immediately implies them for the fourth. 

Conversely, we can introduce Lagrange multipliers : [0, 1] — > C and A(j) : [0, 1] — > E that enforce the 
reality conditions on three triangles only. We thus get for the action on an edge: 



1=1 Jo 



(I)Fn[K(I),W(I)] ~ A(J)-D[7T(i),U>( Z) ] J + CC, (45) 



In the following we will keep the index (I) only when it is strictly necessary, to further simplify our notation we will also put this 
index wherever there is "enough" space, e.g. = e AB iTg . 
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with the gauge-fixing condition 



"(4) 



= A 



(4)- 



(46) 



Once we have an action, we should discuss the equations of motion. This involves two steps. To begin with, in 

1. Then we also have to 



section 



III D we are going to study the constraints and perform the Dirac algorithm 



study the evolution equations, and ask for their geometric interpretation, which we are going to do in sections 
[ITTD| [TITeI and [ITTF] 



D. Dirac analysis of all constraints 



Let us turn to whether the equations of motion preserve the constraints. We do this in the Hamiltonian picture. 
With the Lagrangian (451, linear in the time derivatives, we can immediately find the Hamiltonian, which is 



itself constrained to vanish. If we introduce the primary Hamiltonian 

A(t) 



H'[ir,u](t) = z{t)F nW [ir,u] 



D[n,ui] + cc. 



we can write the evolution equations in the most covariant way possible: 

D dt u A = {H', uj a }, D dt n A - {H', n A }. 



(47) 



(48) 



The canonical commutation relations are {tt ,w } = e , and Dg t is again the covariant st(2,C) derivative 



$ b7t , with <f> b being the sclfdual connection contracted with the tangent vector of the 



edge — just as defined in ( 42 ) 



To prove that the Hamiltonian vector-field preserves the constraints we discuss each of them separately. 

(i) stability of the area-matching constraint E = 0, and of D — 0. The area-matching constraint E = 
guarantees the area of a triangle is the same seen from all tetrahedra it belongs to. The Hamiltonian vector 
field of E = kau a acts as follows: 



We thus easily get 



{E,n A } = -n A , {E,u A }=u> A , {E,n A }=0 = {E,Q A }. 



E = D dt E = {H' , E} = z(t)F - z(t)F cx 0, 



(49) 



(50) 



where cx means equality up to constraints. Since D — iE/(/3 + i) + cc, hence linear in E, equation (50 1 also 
implies that the reality condition D = holds for all times: 



D = {H',D} cx 0, 



(51) 



Therefore, the Hamiltonian time evolution along a spinfoam edge preserves both the area-matching constraint 
and the Lorentz invariant part D = of the simplicity constraints Ki + f3Li = 0. 

(ii) stability of F n — 0. Before we explore under which conditions our primary Hamiltonian (47 1 is compatible 



with the constraint F n = 0, let us first recall [TB] all solutions of the reality conditions F n = = D. They are 
parametrised by a real number J ^ 0, and tell us the momentum 7r is proportional to u>. We find, in fact, 



n A = -iV2((3 + i)J 



i AA u 



(52) 



with the SU{2) norm ||w||^ = — i^/2n AA uj A uj A . Notice that we can always assume J > 0. We have mentioned, 



in the lines shortly above equation (15), that there is a discrete symmetry simultaneously exchanging all n and 
oj spinors. Since 



J = 



(53) 
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a transformation exchanging 7r and w, maps J into — J. hence J > without loss of generality. 

The quantity J parametrising the solutions of the reality conditions also has a clean geometrical interpretation. 
It measures the area A[t] of the triangle r under consideration. A short calculation gives the precise relation: 



-LIj L AB 



J\ 2 



(54) 



We are now ready to come back to our original problem, and show how the Hamiltonian can preserve the 
reality conditions. Since the normal is covariantly constant, we get for the time evolution of F n = the equation: 



Fn 



~(n AA -K A uj A )=D dt [ 



n AA 



tt a oj a ) = {H',F n } cx z(t){F n ,F n ) 



(55) 



We calculate the missing Poisson bracket in the gauge where n a = n" and find: 



{F no ,F no } = -6 aA 8 bB {it 



A, A ^B-B 
UJ , 7T UJ 



} — ^AA^BB 



^AB, ,A B i AB-A-B 

e uj tt + e n uj 



The result being manifestly SL(2,C) invariant we can conclude that 

F n oc — iz(t) J. 



(56) 



(57) 



We have assumed the area of the triangle does not vanish, hence J ^ 0. This implies the Hamiltonian flow 
preserves the constraint F n — only if we put the Lagrange multiplier z{t) to zero. Reinserting this restriction 
on the Lagrange multiplier into the primary Hamiltonian (47 1 we get the secondary Hamiltonian 



H" = X(t)D[n,u] 



(58) 



(Hi) stability of the Gaufi law. The secondary Hamiltonian (58 1 generates the edge-evolution compatible 
with the simplicity constraints for one pair of spinors. There are, however, four of these pairs per edge — one 
twistor Z — (tt a , ui a ) for each adjacent triangle. The Gaufi law is an example of an observable depending on 
all of them. Its time evolution is governed by the physical Hamiltonian, which is the sum over the secondary 
Hamiltonians (58 1 of all four triangles: 



F phys = ^A (/) (t)I>[7r (Z) , W(/) ]. 



(59) 



i=i 



The Hamiltonian has this simple form, just because the action for an edge (45 1 splits into a sum over adjacent 
triangles, without any "interaction-terms" appearing. Since the Hamiltonian vector field of the constraint D = 
acts as 



X D [u A ] ={D,u A } = 



X D [7T A }={D,7T A } = - 



we immediately get for any choice of A, that the Gaufi constraint is covariantly preserved: 

D 9t G AB = {H^ S ,G AB } -0. 
The partial derivative, on the other hand, vanishes weakly: 

d 



d< 



G AB oc 0. 



which follows from the commutation relations of the Lorentz algebra: 



(60) 



(61) 



(62) 



{Li,Lj} — —6ij l Li, 



{L h Kj} = -ei/Kt, {K tl Kj} = +cy'L,. 



(63) 
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First- and second-class constraints. We got the constraint equations on an edge by varying the Lagrange 
multipliers $ e st(2,C), zm g C and A(j) € K in the action (45 1. If we want to quantise the theory we 
have to compute the constraint algebra and identify first-class and second-class constraints therein. The set of 
constraints consists of both the rotational and boost part of the Gaufi law, together with simplicity constraints 
on the triangles 7=1,2, 3. The simplicity constraints Ki + f3Li — are imposed on three triangles only, but the 
Lorentzian Gaufi law (44 1 implies them on the fourth. These constraints can be rearranged to treat all triangles 
equally. We can then impose just the rotational part of the Gaufi law, and require the simplicity constraints 
(18 1 on all four triangles. This rearrangement leads us to the following system of constraints: 

4 

Gl oi =J2 L ihD = °» V7 = 1,.. . ,4 : D (I) = D[ Hl) ,ui {I) ] = = F n „[ Hl) , = F (I) , (64) 
j=i 

Notice, that in a general gauge, where the time normal does not assume the canonical form n a — n", we must 
boost the constraints into the direction of n a . We would then work with the constraints 

Glfa : = exp(X G b„o 3 t^)G™ t , and F n = ey^{X G ^rf)F no (65) 

instead. Here, X G boo S t = {G° oost , •} denotes the Hamiltonian vector-field of the boost part of the Gaufi law and 
the generic normal n has been parametrised as: 



(n<V) = (ch(M), sh(|?7|)^A where: \ v \ = yfStffrji . (66) 

All of the constraints ( [64] ) are preserved by the physical Hamiltonian generating the time evolution along an 
edge, e.g. G V ^K = {H phys , G™^} oc 0. To identify first- and second-class constraints within this set, we have to 
study their mutual Poisson brackets. We find: 

{G™\Gf } = -e ij i G% ) , {G™ t ,% ) } = 0, {G?\ F (I) } = = {G\ ot , F (I) } = (67a) 

{D {I) ,F {J) } = - —5uF (I) , {D (I) , F (J) } = Q2^_ S ljF(l) 

{F { i),F {J) } = iSuJmin^u;^) = iS u 3m{E {I) ). (67c) 



(67b) 



The set of first class constraints consists of the Gaufi law, attached to each edge, together with the Lorentz 
invariant simplicity constraint D = 0, attached to each triangle. The constraint F n = is second class and 
generates, an additional su(2) algebra. This becomes more explicit once we define the ladder operators J± 
together with the generator J3: 

J_ = J l - iJ 2 =: -V2F no , J+ = J 1 + iJ 2 := -V2F rio , J 3 := 3m{E), (68) 

with the Poisson bracket of the rotation group: 

{ J u J k } = - ei / J k . (69) 

In our case J_ and J + are constrained to vanish, while J 3 7^ 0, reflects the fact that the constraints form a 
second-class system. A last comment on the time-gauge (38): if we want to relax this condition, little will 
happen, the constraints get boosted (65) but the structure constants appearing in the constraint algebra (67 1 
remain the same. 



E. Solving the equations of motion for the spinors 

In this section we will solve the equations of motion for the spinors. For any triangle adjacent to the edge it is 
the physical Hamiltonian (58) that generates the time evolution of the corresponding spinors: 



D dt u; A = {H' 



,u A }, 



(70) 
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We thus get the following equations of motion: 

(D dt 0J A )(t) = tu A (t) + $ A B (t)u B (t) = \(t){D,u A } f = + 



P + i 



X(t)co A (t), 



(D dt n A )(t) = n A (t) + $ A B (t)ir B (t) = X(t){D,ir A } t = -— X(t)n A (t), 



with $ b defined in (42 1. We introduce the parallel transport between time t and t' along the edge 

rt' 



U(t,t') = Pexp(- J ds$(s)) G SL(2, C), 



and use it to write down the general solution of the equations of motion. We get 

A i 



n A (t) 



exp 
exp 



1 



/3 + i 
i 



ii 



dsX(s) U A B (0,t)u; A (0), 



i 



dsX(s) 



U A B (0,t)Tr A (0). 



(71a) 
(71b) 

(72) 

(73a) 
(73b) 



Closing the loop. In (73) we found the solution of the equations of motion for the spinors on an edge. The 
spinors represent the flux (|5 1 through a triangle seen from the frame of the tetrahedron dual to the edge. But the 
triangle belongs to many tetrahedra, hence many edges. These edges, ei, e2, . . . ejy, bound the spinfoam face dual 
to the triangle. Just as we have done above, we can introduce a continuum time variable t\ G (0, 1], £2 S (1, 2], 
. . . t N G (N - 1, N) for each of these edges, and study the field of spinors Z = {tt a , uj a ) : [0, N) 9 1 1-> C 2 * ® C 2 
along the edge. This field describes the triangle dual to the spinfoam face in the frame of the various edges. To 
guarantee Z(t) describes, for all t G [0, N), the same triangle we need boundary conditions: 



V* G {1, 



1} : lim oj (i + e) = lim uj A (i — e), lim Tr A (i + s) = lim n (i — e), 

e\0 e\0 e\0 e\0 



and also 



lim oj a (e) = lim u> A ( N - e) , lim it A (e) = lim tt a (N - e) . 

e\0 e\Q e\0 e\0 



(74a) 



(74b) 



Using the evolution equations ( 73 1 we find that the boundary conditions ( 74 1 turn into a constraint on the 
holonomy once we close the loop around the spinfoam face. This happens as follows: We invert (73 1 and solve it 
for the holonomy U (0, TV) in terms of the quadruple of spinors (Z(0), Z{N)). Inserting the boundary conditions 
we get: 

' fA, A, 



U A B (0, N) = Pexp( - J ds$(s))% = (ttlj)- 1 (■ 
where iru> = tta<-<j a , and we have introduced the quantity 

A = 

which we can write equally well as 



e -3+i A w A (0)7r B (0) 



io A (0)n B {0) 



N 



exp 



2A 



d 2 



dtX(t), 
\\U(0,NM0)\\l 

Mo)ll 2 • 



(75) 



(76) 



(77) 



Equation ( |75[ ) is an interesting result. First of all it tells us that the holonomy around a spinfoam face cannot 
be a generic SX(2,C) element but preserves the flux through the triangle dual to the spinfoam face, i.e.: 



U A C {0, N)U B D (0, N)^ c (0)n D \0) = ^ a (0)t: b] (0) 



(78) 



The same constraint also appears in Regge calculus |41H45| . but there is a major difference. In Regge calculus 
the holonomy (75 1 is further constrained to be a pure boost, here it is neither a boost, nor a rotation, but a 
four-screw, i.e. a combination of a rotation and a boost in the direction of the rotation axis. 

In the next two sections we will further delve in the geometry of the spinfoam face and prove that A is a 
measure of both extrinsic and intrinsic curvature. 
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F. Extrinsic curvature 



We are now going to calculate the extrinsic curvature smeared along a link connecting two adjacent tetrahedra. 
This will give us a better understanding of the Lagrange multiplier A appearing in the action (451. We will 
indeed prove, that it is a measure of the extrinsic curvature smeared along a link. 

Let us consider first two points labelled by coordinates t and t' on the boundary of the spinfoam face. Take 
the holonomy h(t, t') along the link connecting the two respective tetrahedra sitting at t and t' , we use ( 12 1 and 
thus have: 



h A B (t, = ~ * ~ B , (79) 



where we have introduced the abbreviation 

(y.Zr.w.Tr) = (wtflnfflMQrtt))- ( 80 ) 

At this point let us stress again that links and edges have to be carefully distinguished. Edges enter the bulk of 
4-simplices, whereas links belong to the three-dimensional boundary of the 4-simplex, see figure [T] 

The two tetrahedra are embedded into the four dimensional manifold with normals n = n(t) and n = n(t'). 
The extrinsic curvature smeared over the link between the two is measured by the angle |17| : 



I' \l: ' . I 1 I- \, .<■•<■> ■ '' 

/:,(. 

(81) 



ch(S(t,t')) = -n AA h A B {t,t')h A s{t,t')n BS = - n AA (u A n B - 7t a u b )(u A tt s - n A Q s )n BB 



_ 1 
~~ 2 

This equation gives the angle up to a sign, we remove the remaining ambiguity, just as in reference |46| . by 
defining 



K f )Wn(t>) 



There are now two important cases to distinguish. In the first one, t and t' lie on the same edge. The normal 
is parallel along the edge, hence transported by the holonomy according to 

n AA (t') = U A B (t,t')U A B (t,t')n BB (t). (83) 

With this equation the normals cancel from the definition of the angle (|82|, and we find the following. 



Tr^i/i i ; .i i ~(tt') ll W WHn(t) J— f''dsA(s) 

If t, t belong to the same edge: e~ l ■ > = - — , ; = c ? 2 + 1 Jt y ' . (84) 

In the second case t and t' belong to neighbouring tetrahedra, with normals n(t) and n(t') to be distinguished. 
Assume the two tetrahedra meet at the i-th vertex, that is at coordinate value t = i. We thus get 

In the middle of each edge we have chosen time-gauge ( [38| , hence: 

Vi : n AA (^tl) = -^S AA . (86) 
v2 



We compute the angle between adjacent tetrahedra, as introduced in (40), and get: 



\\U{i,i + e)u(i)\\l {i+e) ||5™ W WII 2 
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with the norm 



5 AA u A u A , 



and the abbreviations: 



^target =V ^M=_ 



source 
9et 



U(i 



These goup elements belong to the final and initial point of the edges; (?e arget , for example, is the 5L(2,C) 
holonomy along the z-th half-edge going from the vertex Vi towards the center of the edge at parameter time 
t = . These bulk holonomies play an important role in the asymptotic analysis of the spinfoam amplitude 
|46l I47| , which is why we have introduced them here explicitly. 

Do the S-angles just considered define proper observables? There are two gauge symmetries to take care off, 



the SU(2) transformations generated by Gji ot (64 1 (or rather G™'^ for the more general case), and the scaling 



transformations generated by the Hamiltonian vector-field (60 1 of D. Since the SU(2) norm is, by definition, 



rotational invariant, and the angles are a function of those, they are certainly SU(2) invariant too. But S(i, i') 
transforms non-trivially under D. We have in fact: 



Ml 



(89) 



Since e may locally be an arbitrary continuous function of t, the gauge transformation shifts the integral over 
the Lagrange multiplier to a new value: 



J ds\{s) i — ^ £(*') - e(i) + J ds\(s), thus: 



A i-> e + A. 



(90) 



We see S(t, t') is generally not D-invariant and does not define a proper observable. Nevertheless there is a 
gauge invariant quantity, that we can build out of A. The overall angle, as defined in (76 1 is an observable. 



This is true, simply because we are working with periodic boundary conditions (74 1 that require periodicity 
e(0) = e(N) of the gauge parameter. 

We can make the gauge invariance of A even more obvious. Notice first that any transformation generated 
by D cannot change the angles (40 87) between adjacent tetrahedra. Consider next the boundary conditions 



(74 1. They imply all angles ^(^-7 ) sum up to zero when going around a spinfoam face. This means 



EN — 
i=l ~* 



e ^+ 



I Jo™ dtA(t) 



thus 



JV 
i=l 



1 



-A. 



(91) 



The last identity gives A in terms of the angles Hj between the normals of adjacent tetrahedra. In the next 
section we prove this quantity is proportional to the curvature tensor smeared over the spinfoam face, revealing 
a close analogy with Regge calculus. This proportionality will be exact and not an approximation. 



G. Intrinsic curvature 



The previous sections revealed a Hamiltonian generating the time evolution along a spinfoam edge. We have seen 
this Hamiltonian preserves the constraint equations — the Gaufi law together with the simplicity constraints — 
once the Lagrange multiplier in front of the second-class constraint F n — vanishes. Both Gaufi's law and 
the simplicity constraints have a well explored physical interpretation, they guarantee all triangles represent 
spatial planes in internal Minkowski space that close to form a tetrahedron [48, 49 . Knowing the geometric 
interpretation of the constraints, what do the evolution equations tell us? Do they also have a clean physical 
interpretation? In this section we will explore this questions, and show that the equations of motion for the 
spinors probe the curvature smeared along a wedge. For this we need some preparations. Let us first study how 
the holonomy changes under variations of the path. 

Be 7 e : s G [0,1] i— > 7 £ (s) G S a e-parameter family of paths, piecewise differentiable in both e and s. 
We can now take two derivatives obtaining the tangent vector 7g(s) = 2^7e(s) G T~r s \S and the variation 
#7 e (s) = g^7e(s) G T 7e ( s )6>. For e — we write, e.g. Sj(s) :— Sj e= o(s). From the defining differential equation 
of the holonomy, i.e. 



(92) 



16 




FIG. 2. Going from t to t + e we can probe an infinitesimal wedge, the boundary of which has two parts. The first part 
belongs to the edge and has a tangent vector cV The second part (the triangular line in the picture) is a link inside the 
wedge, itself splitting into two parts. The upper part in the picture we call 7t+ e , while the lower part is 74, putting them 
together determines 7r(i + e): The spinor 7r(i + e) is the parallel transport of iv(t) along the connected link j^r e o 7 t . 



we can get the variation of the parallel transport at s = 0. We just need to differentiate equation (92 1 with 
respect to e, multiply everything by h~\ a -, and integrate the resulting quantity against ds. Performing a 
partial integration we then get the variation of the holonomy 



_d_ 

dl 



e=0 



h lE (i) = -A l{1) (Sj)h l{1) + ft 7(1) A r ( )(57) + / ds ^7(i)\( 1 s ) i 7«(7 / ,<h')^-y(t) 



(93) 



Let us now see how the equations of motion for the spinors define such a variation. In our original continuum 
limit, discussed in section II B the quadruple (n(t + s),cj(t + e), 7r(t), co(t)) probe the SL(2,C) holonomy-flux 
variables on an infinitesimal wedge Wi . The spinors parametrise the holonomy along the link 7 t ~! ) 1 e ° 7* connecting 
the tetrahedra at t and t + e by: 



7t+e (l) ft 7 t (l) BIT , 



u A {t + e) = h-\ 



(94) 



This is just equation to| written in terms of the continuous variables on an edge. The underlying path 7^ ° 7t 
is defined as follows: Three lines bound the infinitesimal wedge, the first goes along the edge, from t towards 
t + e. The second part is j t entering the spinfoam face starting at time t. The last part J^_f e closes the loop; 
it goes from inside the spinfoam face towards the edge at t + e. Figure [2] gives an illustration of the geometry. 
Using equation (93 1 we can now take the covariant derivative of (94 1 to find: 



D 9t ir A (t) = F A B (t)ir B (t), D dt u A {t) = F A B {t)u B {t) 1 
where we have introduced the curvature smeared over an infinitesimal wedge. More explicitly 

d , , d 



r B 



ds 



(95) 



(96) 



Notice that equation (95 1 has the structure of a deviation equation, with the deviation vector replaced by a 
spinor. If we now compare ( 95 1 with our equations of motion as they appear in ( 71 1 we can read off the smeared 
curvature F(t). What we find is that: 



f ab = 



2A 



j3 + i nui 



2h X 

(3£p 2 jJT 



^AB 



(97) 



We can now go even further and smear the curvature tensor all along the spinfoam face /. The curvature having 
two free indices, this has to be done in a certain frame. We take additional holonomies along the family of paths 
{7t}te(o,iV)> th a t map the spinors attached to the boundary of the spinfoam face towards its center — this is the 
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point where all the wedges come together. Indices referring to the frame at the center of the spinfoam face we 
denote by A a , B Q , .... In this frame, the only i-dependence of the integrand is in X(t), and we can immediately 
perform the ^-integration to arrive at: 

F A ° B ° = \ [ N dtF A ° B °(t) = (98) 
2 Jo P + 1 A[t\ 

The factor of one half appears since every infinitesimal wedge has a triangular shape, A[t] is the area (1541 of 



the triangle, while A denotes the integral of A along the boundary of the spinfoam face (see (76 1). With (91 1 
we can see this integral is nothing but the sum of the angles between adjacent tetrahedra at all the vertices 
the triangle belongs to. We could thus say the curvature smeared over a spinfoam face is proportional to the 
"deficit angle" X}j=i collected when going around a spinfoam face. Although this sounds very much like 
Regge calculus, there are two subtle differences appearing. First, and most importantly, the curvature smeared 
over the spinfoam face does not represent a pure boost as in Regge calculus, but instead a four-screw, which is 
a combination of a rotation and a boost into the direction that the rotation goes around. The relative strength 
between these two components is measured by the Barbero-Immirzi parameter, which may be an important 
observation when we ask for the classical role of that parameter. The second difference is more technical. In 
Regge calculus, curvature is distributional, and concentrated on the triangles of the simplicial decomposition. 
Here it is not, but continuously spread over all wedges. 



H. Where could the torsionless condition hide? 



During the last sections we developed a Hamiltonian formalism of the spinfoam dynamics along an edge. The 
constraint equations must hold for all times, which leads to restrictions on the Lagrange multipliers infront of 
the second-class constraints. In fact, the multiplier z imposing F n = just vanishes. However no secondary 
constraints appear. This should come as a surprise to us. In the continuum, time evolution preserves the reality 
conditions only if additional secondary constraints hold true. Together with the restrictions on the Lagrange 
multipliers, and the evolution equations for the triad, they force the Lorentz connection to be torsionless, i.e. 
T a = D A e a = 0. 

Let us now ask where the torsionless condition can show up in a discrete theory of gravity. Torsion is a 2-form, 
which suggests to smear it over the "natural" two-dimensional structures appearing. These are the triangles r, 
each of which is bounded by three lines froming the "bones" of the spatial triangulation. With the covariant 
version of Stoke 's theorem the integral over the triangle turns into a sum over the bones b € dr bounding the 
surface: 

T a ~DAe a =0^ e "[ 6 ] =0 - (") 

bedr 

Here e a [b] denotes the tetrad smeared over a bone parallel transported into the frame at the center of the 
triangle r. Despite its simple looking from, this equation becomes rather awkward when entering loop gravity. 
Our elementary building blocks are area-angle variables — fluxes E[r] smeared over triangles r. We do not have 
the length-angle variables of the tetrad formalism at our disposal, and we are thus unable to probe equation 



( 99 1 directly. The tetrads are in fact complicated functions that require invertability of the fluxes — a highly 



nontrivial condition in a discrete theory of gravity. 



But assuming (99 1 holds true, we can deduce equations more suitable for area-angle variables. Consider first 



the covariant exterior derivative of the Plebanski 2-form = e a A ep. This is a 3-form constrained to vanish 



due to (99 1. We can integrate this 3-form over any tetrahedron, and obtain — again using the non-Abelian 



Stoke's theorem — Gaufi's law: 



D A {e a A e p ) = D A S Q/3 = ^ E^[r] = 0. (100) 

rear 



For any tetrahedron, the sum of the fluxes through the bounding triangles must vanish (with the fluxes parallel 
transported into the center of the tetrahedron). This is just the Gaufi constraint, that we have already found 
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in (44). and therefore parts of the torsionless condition are already satisfied. We can play this trick one more 



time, arriving at another torsional constraint. 

The vanishing of torsion implies the exterior covariant derivative of the volume 3-form e M Ae„Ae p must vanish. 
This defines a 4- form, the integral of which must vanish for any four-dimensional region. We take a 4-simplex 
surrounding a vertex v; it is bounded by tetrahedra T £ dv equipped with normals n a [T] in the frame of the 
center of the 4-simplex. Assume all normals are future oriented, and let e[T] £ {—1, 1} be the sign needed for 
the vector £[7]n Q [T] to point outwards the 4-simplex v. In the discrete theory, the integral of the covariant 
exterior derivative of the volume 3-form turns into a sum over the tetrahedra bounding the integration domain: 



A {e aiivp e» A e" A e") = D A {n a d\o\ n ) = ^ e[T]n a [T] 3 vol[T] = 0. 



(101) 



T<£dv 



Here 3 vol[T] denotes the volume of the tetrahedron T, a quantity that we can write fully in terms of fluxes: 



3 vol[T] 



V2 
3 



(102) 



Therefore, the torsional constraint (101 1 fits well into the area-angle calculus of spinfoam gravity. Reference 



[4"8] has already discussed this constraint, what is new here, is the torsional interpretation we gave for it. 

Let us also stress, that the additional constraint (101) may actually impose another condition often ignored 
in loop gravity. This is the so-called volume constraint [231 15U] , that guarantees the volume of a 4-simplex is 
the same for whatever pair of fluxes chosen to calculate it. To be more precise, for any pair of triangles r and 
t' that belong to the same 4-simplex but lie in different tetrahedra, this constraint forces the quantity 



(103) 



to be independent of the pair of triangles under consideration. This constraint is automatically fulfilled once 
the 4-simplex is flat (and the Gaufi law holds true). This has contributed to the believe that it could be ignored. 
We have seen, in the last section, the wedges carry curvature. Therefore we cannot assume that the 4-simplices 
are flat, and should take the volume constraint more seriously. 

We will now give a naive argument supporting the idea that the additional torsional constraint ( |101[ ) has 
something to do with the volume constraint just mentioned. Let us define the "4-momentum of a tetrahedron", 
i.e the four-vector 



(104) 



in the frame of the center of the 4-simplex. The volume 4 vol[u] of a 4-simplex v is a function of these momenta, 
it is in fact nothing but the wedge product of four of them, a short calculation gives 



( 4 volM) 3 = ±^e a ^ v p a lTi} P P[T2}pnWl%], 



(105) 



with % for i = 1, . . . , 5 labelling the five tetrahedra bounding the 4-simplex. With the conservation law of the 



4-momenta ( 101 ) fulfilled, the 4- volume ( 105 1 would be obviously the same for whatever quadruple of tetrahedra 



is chosen (up to orientation). In this sense the additional torsional constraint (101 1 has the same intention as 



the original volume constraint, and guarantees the volume of a 4-simplex is the same from whatever side we 
look at it. We have thus found an additional constraint of torsional origin that should perhaps be included in 
the theory. 

The torsional equations (|99|), (100 1 and (101) should have an important geometrical interpretation provided 



by Minkowski's theorem |51|. The Minkowski theorem holds in any dimension N, and states that given a number 

M > N that close to zero, there exists a unique iV-dimensional convex polytope in 

with their volume given by the magnitude of 



of co-vectors 



M 



D A' 



bounded by N — 1-dimcnsional facets normal to v 



,M 



. . V 



M 



The role of the Minkowski theorem for the three-dimensional geometry is well explored, |16l 1^51 I4U1 



[52] . The hope is, that the conservation law ( 101 1 can provide the geometry of the spinfoam vertices, just as the 
Gaufi law ( 100[ ) uncovered the quantum-geometry at the nodes of the spin-network functions. This is a question 
that lies outside the scope of the present paper; a rigorous analysis of the role torsion plays for the geometry of 
the 4-simplex is missing, and we leave this task open for work to come. 
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IV. QUANTUM THEORY 

The last section gave a Hamiltonian formulation of the dynamics of spinfoam gravity. On each edge we have 
introduced four twistorial fields Z^j) ■ [0,1] 3 t H> (7fjj (t), usAs(t)) £ T, together with Lagrange multipliers 
A(/) and & A s(t). These variables must satisfy certain constraints: the simplicity constraints, the Gaufi law, 
boundary conditions, and maybe also the additional torsional volume constraint introduced in section |HIH| The 
system has a finite number of degrees of freedom (four twistor fields, and a set of Lagrange multipliers), time- 
evolution is governed by a Hamiltonian (itself constrained to vanish), and the spinors are canonical (Darboux) 
coordinates covering all of phase-space. These key observations make quantisation rather straight forward. 
The present section has two parts, in the first of which, section [TV A| we present the kinematical structure and 



solve the quantised constraints. Section IV B concerns the dynamics of the system and defines the amplitudes 



for the case of a manifold without a boundary. 

A. Canonical quantisation and physical states 



The space of twistors T 3 Z — (tt^,lu a ) equipped with the Poisson brackets (14al can readily be quantised. 
Let us start with a brief review of what has already been shown in references [18J and [17 . Working with a 
"position'-representation we are working on the Hilbert space L 2 (C 2 , <i 4 w). Wave-functions are non-analytic 
functions of the spinor and the integration measure is 

d^ui = — (du>A A du A A cc.) . (106) 

This Hilbert space is an auxiliary object, introduced just to have the proper arena to define the constraints. 
The "position" operators Cj a and uj a act by multiplication. The momentum, on the other hand, becomes a 
derivative: 

(ft A /)( w ) = 5_^ /(w)) (ft A f)(u>) (107) 

On this Hilbert space the 5L(2,C) action 

(■D(g)f)(u A )=f((g- 1 ) A BU B ) (108) 

is unitary, but reducible. Irreducible subspaces are spanned by distributions, that are homogenous in the spinors 
|53l I54j. There are two quantum numbers pel and k £ | labelling the irreducible subspaces Hr Pt k), that 
parametrise the weight of homogeneity according to: 

VzeC- {0}, f ip - k) £ « (M) : f^^{zuj A ) = z- k - 1+ip z +k - 1+ip f( p ' k \zu A ). (109) 

This implies the important relations: 

u A ^jf {p - k \co A ) = (-k-l + ip)/<£*\ (110a) 

u A ~f {p > k X" A ) = (+k-l + i P )f ( / m k) . (110b) 

We introduce the canonical quantisation of boosts and rotations: 

ft* = -T AB t UJ A TT B , Li = ftj + he, Ki = -ilk + he. (Ill) 

Notice no ordering ambiguity is appearing here, simply because the basis elements t a b% are traceless t a a% — 
0. We can work with a distributional basis on our auxiliary Hilbert space L 2 (C 2 , d A u}) , that simultaneously 
diagonalises L3, L 2 — L z Li, together with the two Casimirs L' l Ki and L 2 — K 2 of the Lorentz group. The action 
of the Casimirs is in fact: 

(L 2 ~K 2 + 2iUR*)f^ = -h 2 (p 2 -k 2 + l + 2lpk)f { 3 P m k \ (112) 
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which follows from (110 1 by expressing IT IP in terms of 6j a tta- Additional quantum numbers are spins j 
0, J, 1, . .. and the eigen-values m — —j, . . . j of L3. The canonical basis reads explicitly: 



/#*V) = J^M^-VR^iU-^))^, (113) 



with 

,A\ 1 



U ^=ww ^) eSU{21 (114) 

and R? (U) m n — (j,m\U\j,n) being the Wigner matrix of the j-th irreducible SU{2) representation. The basis 
vectors obey the generalised orthogonality relations 



{&\&'X* = j c2 ^&% A )/j&*'V) = 7r 2 5(p-p')5 kk ,5 jr S mm , (115) 
We thus have a direct integral: 

L 2 (C 2 ,d 4 iu) = - [® dp($)H {Pik) . (116) 



We are now ready to discuss the quantisation of the constraints. For the Lorentz invariant part of the reality 
conditions we have to choose an ordering. For reasons that lie outside the scope of this paper we define it with 
the momentum and position operators in the following order: 



D 



-co 



,A 



- w r + 2) = w A — -r+hc. (117) 

i\ dQ A J + i 8uj a 1 ' 



/3 + i 8uj a j3-i\ dui A J P + i duj A 



This operator is diagonal on the homogenous functions. With the action of the Euler operators (110 1 we get 
immediately: 



Df& k) = ^(p-P(k + l))4 P m k) - (US) 



The solution space of this constraint is non-normalisable in L 2 (C 2 , d 4 uj), simply because we cannot integrate 
the homogenous functions along the rays u> A (z) — zui A (0) (with z £ C). We can, however, introduce a surface 
integral removing this divergence. Take the Hamiltonian vector field Xd, defined for any scalar function / as 
3-r>[/] — {D,f}, and consider the interior product Lx D d A u:. This defines a non-degenerate 3-form on the space 
of orbits (60 1 generated by D, that we are using to define an inner product: 

(fJ%yn = ^J c2/D (^)Jf. (119) 

To evaluate this integral we need to choose a gauge section, that embeds the three-dimensional surface C 2 / D 
into C 2 . The inner product is independent of this choice only if the Lie derivative of the integrand vanishes: 

£ XD (d i ojJf)=Q (120) 

If both / and /' are in the kernel of D this condition holds true, and we arrive at a well defined inner product. 
In that case, we can deform the integration domain in the direction of X^, that is along the orbits generated 
by D, without changing the integral. For our basis vectors we get in fact: 

,M(k+i),k) ,09(fc'+i),fe')\ _ ft 2 + 1 f ,4, ,\ AP(k+i),k) , (/3(fc'+i),fc') _ j? r r r , 9 ,s 

\Jjm >Jj>m> ICID ~ 9 „ / \ L ^D duJ )Jjm Jfm> ~ °kk>0jj>0 mm > , (121) 



C 2 /D 
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implicitly showing the integral (119) defines a nondegenerate inner product on the kernel of D. We are now left 
with the remaining F n = constraint. Knowing the classical constraint generates an additional su(2) algebra 
(remember equation (68)) it is not hard to see that the operators 

F n = n AA % A u A , P n = F^ = n AA 7r A Q A , (122) 
act as creation and annihilation operators for the quantum number k, more explicitly: 

F n J^ = -±VV-W + k + l)ffc k+1 \ (123a) 

= -±=y/{j + W-k + l)ffr k -". (123b) 



Here we have chosen time-gauge where the normal n AA assumes the form of (19 1. Unless j = = k we cannot 
find states in the kernel of both F n and its Hermitian conjugate, which reflects F n is of second class. We proceed 
with Gupta and Bleuler |551 156] and impose only one half of the constraint. The kernel of F n is spanned by 
states k = j: 

FnJ ( / m j) = 0, (124) 
while k = —j labels the states in the kernel of its Hermitian conjugate: 

^U,r j) =0. (125) 

We can restrict ourselves to only one of these two possibilities. This is motivated as follows. The quantum 
number k is an eigenvalue of the operator u> tta + wa& — he, we have 



[lj a tt a + % a Cj a - he] = 4ifcfc/j£*\ (126) 

This operator represents the following classical quantity on the solution space of the simplicity constraints: 

2uj a tt a - cc. = 4iJ. (127) 



Just below equation ( 53 1 we argued that we can always assume J > thereby removing the discrete symmetry 
exchanging uj and 7T. If we agree on the constraint J > also in quantum theory we can discard the solution 
( 125 1 and just work with ( 124 1. The solution space of the simplicity constraints H s i mp i is then restricted to the 

kernel of the operators D and F no , it is spanned by the basis vectors ^ , and we so have 

H simpl = span{/jf i 0+1)j) : j = 0, §,...; m = -j, ... (128) 

The Gaufi constraint is the last remaining constraint to impose. As mentioned in above we only need to solve 
the rotational part of the Gaufi law, which appears as a first-class constraint in our set of constraints (64 1. The 
canonical quantisation of the classical constraint becomes the operator 

4 

GT = £4 W - (129) 

i=l 

on (g) 4 L 2 (C 2 , d 4 w), with e.g.: 

If } = U <g> 1 <g> 1 <g> 1. (130) 
The constraint generates rotations leaving invariant the 4-normal n a , e.g. for / 6 (g) 4 L 2 (C 2 , d 4 oj): 

(exp(-j i Gl° t ip i )f)(uj {1 y...,u {1) ) = f(Uoj {1) ,...,UL> {A) ), with: U = exptfn) € SU(2). (131) 



22 



The kernel of all constraints, the Hilbert space 'Hphys, is thus given by the 5/7(2) invariant part of (££) 4 Wsimplj 
that is: 

4 

^Phys = ( (g) ^simpl) /SU(2). (132) 

The general state in this Hilbert space looks like this: 



*( W(1)l a; (a)> a; ( 3 ) ,a; w )= £ ••• £ £ 7^-^^, . . . , j 4 )/ffi +1),il) (w(i)) 

mi=-ji i,...j4 "i4=-j4 
/j 2 m 2 ( W (2))/j 3 m 3 ( w (3))/j 4 m 4 ( w (4)), 



(133) 



with J m i— m *(Jj_ i . . . , j 4 ) being an intertwiner, which is an element of the spin zero component of the tensor 
product of SU(2) representations of spins ji, . . . The defining property of an intertwiner is that it be SU(2) 
invariant: 

31 J4 

W e 5/7(2) : • • • ini '" ni (h, ■ ■ ■ ,h)R {M (U) mi ni . ..R { ^\U) mi ni = I™i- m *. (134) 

ni=— j\ «4=— J4 

Before we go on to the next section, let us comment on how to relax time-gauge. For any two normals n and 
n on the upper hyperboloid ri a pn a n^ = — 1, n° > there is a proper orthochronous Lorentz transformation 
that sends one to the other. Let g n be the corresponding 57(2, C) element such that: 

n AA = gnB A gnB A n B B (135) 

We then also have: 

F n =V{g n )- l F n V{g n ). (136) 
Any vector in the kernel of F n can be constructed from its preimage in "Hsimpi- The vectors 

are in fact an orthonormal basis in the kernel of F n . More importantly, the constraints F n and F£ weakly 
vanish. All matrix elements of F n with respect to states f[^ J ^^' and f^j^,, + r\ equate to zero: 

it t- j jm(n) •'j'm'(n / ) ^ 

(f^f^,p n f^' + j)d')\ = o = (f^f^,P n ,f^% + ^)„. (138) 

\'> jm(n) 1 nJ j'm'(n') I C 2 \ J jrnin) ' rt J j'm r [n) I C 2 v ' 

As before, we are now left to impose the rotational part of the Gaufi constraint. But we have left time gauge, 
and the 5Z7(2)-Gaufi law becomes boosted to: 

GZ) = W^^GfcO- (139) 



The general solution ^( n ) °f a U constraints can thus easily be found from (1331 by just performing a unitary 
transformation : 

■ ■ • ,W( 4) ) = (7>(g„)~ 1 *)(w (1) , . . . ,w (4) ) =*(5„w (1) ,...,3„a; (4) ) (140) 
These states are nothing but the spinorial equivalent of Levine's projected spin-network states |57l 155] , 
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B. Local Schrodinger equation and spinfoam amplitude 

To begin with, consider only the evolution of the quantum states along a single edge. As in the classical part 
of the paper we can align the space-time normal in the middle of the edge to the canonical choice, that is we 
go to the time gauge ( 38 1 at t = t a = \ . 

Classically, the HamTTfon function governs the time evolution along an edge. An observable O t : T — > M. on 
the phase space of a single triangle evolves according to 

Ao t = {(<S> AB (t)ir A oj B +cc.) + X(t)D,O t y (141) 

With <& AB {t) again being the selfdual connection contracted with the tangent vector of the edge, as defined in 
( 42 I . When going to the quantum theory the Hamiltonian function becomes an operator defining the Schrodinger 
equation: 

ih^t = (<5> AB {t)TT A Cj B + hc.)Vt + K*Wt- (142) 

This is an important intermediate result. The Hamiltonian on the right hand side, agrees with what Bianchi 
has reported in his thermodynamical considerations of spinfoam gravity [5S] • If we restrict $ to be a boost in 
the direction orthogonal to the triangle, we end up with the "boost-Hamiltonian" [3U], that becomes the energy 
of a locally accelerated observer [61] once we are in the semi-classical regime. 

At t — t we are in the time gauge, physical states are annihilated by F Uo , and lie in the kernel of D, such 
that our initial condition becomes 

E <*"fM + ™. (143) 

3=0 m=—j 



The last part of ( 142 1 vanishes on the physical Hilbert space, implying the Hamiltonian acts as an infinitesimal 
Lorentz transformation. We have: 



($ AB 7T A CJ B + hc.) f(u> A ) = i/^W^f + <j> A S U, B ^L)f(u> A ) 

= y»A f(eM^) A Bco B ). 

de — n v 



(144) 



e=0 

We can thus trivially integrate the Schrodinger equation to find 

3 



M« A ) = E E J m & +1) ' j) {U A B{t,t )u B ) = {V{U{t ,m to ){u A ). (145) 

3=0 m=-j 



Where we have inserted the SX(2,C) holonomy along the edge, introduced in (72). With the normal parallel 
along the edge, hence transported by the holonomy as in (83 1, equation (1381 implies the constraint F n = 
holds weakly for all times, i.e.: 

V/ e kem(D),t g [0,7V) : (f,F n(t) ^ t ) c2 - = (/,i^ (t) V> t } C2 . (146) 

Consider now the process where the spinor is "scattered" from t a = i into t\ = | passing through a vertex. 
Since we are both at t and t\ in the canonical gauge ( 86 ) , we can take as initial and final states 

< nal = 4w' +1),/) > ^ = fS j+1) ' j) - (147) 
The corresponding transition amplitude is: 

^initial _> ^W) = (/}^f +1 ^ J '\P(«7( io)il ))/£ J ' +1)J) ) c2/D) (148) 
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which vanishes unless j = f due to ( 121 1. With j being the quantisation of J, as defined in (53 1, we see, also in 



quantum theory, the area of the triangle is preserved when going around the spinfoam face. This is the quantum 



theoretical version of the area-matching-constraint E — introduced in ( 37 I . 

We are now going to close the edges to form a loop, obtaining the amplitud^] for a spinfoam face /. The 
boundary of the spinfoam face passes through vertices v%, . . . , vn lying between edges {ei}i=i jv that go from 
the vertex Vi-i towards the i-th. By going around the spinfoam face we will see N processes of the form of 



( 148| happening. We write the elementary amplitude for the scattering process ( 148| at the i-th vertex in the 



condensed form of 

(jm i+1 \ 9ei<ei+1 \ jmi ) = (fg£M iVm Bji t a^i ))/ jW+DJ)^ i (149 ) 
where we used the abbreviations 

source / target \ — 1 target u ( ■ 2i— 1 \ source u l ■ i 2i— 1 \ /i rn\ 

ffe 4 ,e i+1 = 9 ei+1 [9 ei ) . 9e t =U{l,^-), g e% = U{l - 1, -^-). (150) 

Here i = N + 1 has everywhere to be identified with i = 1. We obtain the amplitude Zf, i.e. the "partition" 



function for a spinfoam face /, by summing the product of the amplitudes for each individual process (148 1 
over the orthonormal basis at the edges, that is we have to trace over spins j and nii=i,..N = —j, . . . , j. The 
resulting quantity depends parametrically on the edge holonomies g ei ,e i+1 as follows: 

oo j j N 

Z f (g)=Z f (g e0tei ,...,g eN _ lteo )=Y^ zZ "' Y[{j™ i+ i\g eitei+l {jm*}. (151) 

j=0m 1 =-j mjy=— ii=l 

This amplitude is in exact agreement with the EPRL-model. To obtain the spinfoam amplitude for the whole 
discretised space-time manifold we take the product of all Zf over all individual spinfoam faces / and integrate 
over the free gauge parameters left. These are the edge holonomies gl° urcc and (?* argGt . We want to ensure local 
Lorentz invariance [55], ans thus take the integration measure to be the Haar measure dg of SL(2, C). This 
measure is unique up to an overall constant. The resulting quantity matches the EPRL model. 

What we would now like to propose is a modification of the EPRL-model that takes into account the additional 



torsional constraint discussed in (101). The most naive way to impose the conservation law (101 1 would just 



involve a delta function of the constraint inserted at each vertex of the spinfoam amplitude: 
Z = II / dg*™™ f dgT set £ R **« ( £ ^ ^ ( T)]n a [T] 3 vol[T]) Z M) ( 152 ) 

e:cdgos^ 5i ( 2 ' C ) JSL(2,C) »j e e{-l,l} «:vertices T& /:faces 

Here n a \T\ is the normal of the tetrahedron T parallel transported into the center of the 4-simplex, 3 vol[T] 



denotes the quantisation of its volume (102), e(T) is the edge dual to T, while e[T, ?7 e (T)] gives the orientation 
of the tetrahedron relative to the vertex it is seen from. This sign tells us whether the outwardly pointing 
normal of the boundary of the 4-simplex is future (i.e. e = +1) or past (i.e. e = — 1) oriented. 

We will now give the missing definitions for the orientation e[T, rf\ and the time normals n a [T]- Let 7 -target and 
-/"source be the same tetrahedron seen from vertices v ta,Tset and ■y sourco j and the intermediate edge e (7~ sourcc ) — 
e(T target ) be oriented from ii sourcc towards ti tar s et . We define the orientation by setting: 

e[T sourcc , ±1] = ±1, e[T targGt , ±1] = qpl. (153) 



The time normals are given by equation (83 1 implying: 

-±=§ AA = (gl avset ) B A (gi sreet )B A n BS [T taTset ], (154a) 

--L5 AA = (g s e omcc ) B A (gT mcc )B A n BB [T somcc }. (154b) 
V2 



6 In quantum mechanics, the analogue of what we are calculating here, is the "partition" function Z(it) = Tr(e ltH ). 
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It definitely exceeds the scope of this paper to give a detailed analysis of the amplitude (1521 proposed. But 
let us make two immediate observations and comments. The first concerns causality. The function e defined in 
( 153 I assigns to any tetrahedron a local time orientation, and tells us whether the outwardly pointing 4-normal 
of a tetrahedron bounding a 4-simplex is future or past oriented — that is, so to say, whether the tetrahedron 
"enters" or "leaves" the 4-simplex. This would distinguish 4-simplices corresponding to 3-1 (1-3) moves from 
those representing 4-1 (1-4) moves, which could eventually introduce a notion of causality. The second remark is 
about the asymptotic analysis of Barret et. al. |46ll47| . They show the EPRL vertex amplitude reproduces the 
Regge action if the quantum state in the boundary Hilbert space is peaked on area-angle variables representing 
a flat 4-simplex in Minkowski space. I find it quite plausible that the additional delta function restricts the 
quantum geometries appearing in the amplitude ( 152 I to exactly those that fulfil this criterion. 



V. CONLUSION 



To canonically quantise gravity it is often thought that one first needs to start from a 3+1 spilt, study the 
ADM (Arnowitt-Deser-Miser) formulation in the "right" variables, identify the canonical structure and perform 
a Schrodinger quantisation. This paper questioned this idea. The ADM formulation is very well adapted to 
a continuous space-time, but in spinfoam gravity we are working with a discretisation of the manifold, hence 
lacking that assumption. Instead we have simplices glued together and should find a Hamiltonian formulation 
better adapted to the problem. This is what the paper achieves in the classical part. We found a Hamiltonian 
for the discretised theory, generating the time evolution along the edges of a spinfoam. The time variable 
introduced is nothing but a coordinate, and does not measure duration as given by a clock. 

We started from a topological theory, and took the spinorial framework of loop quantum gravity to parametrise 
the action. This we did for technical reasons only, spinors do not add anything physically new to the theory. 
The key idea was to perform a limiting process that partially returns to the continuum. We split every wedge 
into smaller and smaller parts, until we obtained a continuum action on an edge. Next, we have added the 
simplicity constraints to the action. The equations of motion allowed for a Hamiltonian formulation, such that 
we could go through the Dirac analysis of the constraint algebra. This revealed all constraints are preserved in 
time (i.e. along the boundary of the spinfoam face) provided the Lagrange multiplier in front of the second-class 
constraint F n — vanishes. 

Then we studied the equations of motion for the spinors. We found they can easily be integrated, the 
only trouble being the periodic boundary conditions, that imply a constraint on the holonomy along the loop 
bounding the spinfoam face, i.e. equation (75 1. This parallel transport is neither a pure boost, as in Regge 
calculus, nor a rotation, but a combination of both, with the Barbcro-Immirzi parameter measuring the relative 
strength. Nevertheless, there are key similarities with Regge calculus. If parallel transported along the bounding 
loop, the flux through the triangle dual to the spinfoam face is mapped into itself, while the curvature (98 1 is 
a function of the deficit angles between adjacent tetrahedra (??). 

The classical part concluded with a reflection on the role of torsion in a discrete theory of gravity. We 
saw, torsion not only implies the Gaufi law for each tetrahedron, but also an additional constraint (101 1 on 
each vertex of the simplicial decomposition. This constraint demands, that on every 4-simplex the outwardly 
pointing normals of the bounding tetrahedra weighted by their volumes sum up to zero. We stressed similarities 
of this additional torsional constraint with the volume constraint. The volume constraint together with the 
Gaufi and the linear simplicity constraints guarantee the existence of a tetrad around the 4-simplex. Assuming 
the 4-simplex were flat, this constraint could be ignored. We questioned this claim by stressing that the model 
carries curvature and the 4-simplices generically cannot taken to be flat. 

We introduced the additional torsional constraint essentially by hand. If it turns out the theory cannot work 
without this constraint, it must arise more naturally, e.g. from an additional term in the action. Our discussion 
on torsion therefore clearly calls for a more systematic analysis, that should be based on what has already been 
sketched in section (III Hi. This is left for a project yet to come. 

In summary, the classical part introduced a canonical formulation of spinfoam gravity adapted to a simplicial 
discretisation of space-time. This framework should be of general interest, as it provides a solid foundation 
where different models could fruitfully be compared. 

The last section was about the quantum theory. With the Hamiltonian formulation of the spinfoam dynamics 
at hand, canonical quantisation was straight-forward. We used an auxiliary Hilbert space to define the opera- 
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tors. Physical states are in the kernel of the first-class constraints. The second-class constraints act as ladder 
operators. One of them (F n ) annihilates physical states, while the other one (F£) maps them to their orthogonal 
complement, i.e. into the spurious part of the auxiliary Hilbert space. This is exactly what happens in the 
Gupta-Bleuler formalism. 

In quantum theory, dynamics is determined by the Schrodinger equation. We quantised the classical Hamil- 
tonian and solved the Schrodinger equation that gives the evolution of the quantum states along the boundary 
of a spinfoam face. This boundary evolution matched the Schrodinger equation introduced by Bianchi in the 
thermodynamical analysis of spinfoam gravity |59| . Gluing the individual transition amplitudes together, we 
got the amplitude for a spinfoam face, which was in exact agreement with the EPRL model. The only departure 
from the EPRL model, concerned the additional torsional constraint we added to the amplitude. We argued 
for two advantages this could provide. First, it could introduce a notion of causality. This may happen, since 
the torsional constraint distinguishes the future-pointing from the past-pointing normals of the boundary of 
the 4-simplex. The second possible advantage concerns the asymptotic behaviour of the amplitude. Classically, 
the additional torsional constraint should restrict the area-angle variables on the boundary to those that close 
to form 4-simplex. These are called Regge-like boundary data in the terminology of |46l |4"7] , If the torsional 
constraint can achieve the same also in the quantum theory, it would be important for us, because for those 
boundary data the spinfoam amplitude is already known to reproduce the Regge action, which, in turn, has 
the correct continuum limit. 
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